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We analyze the geometrical properties of trace-preserving Pauli maps. Using the Choi-
Jamiołkowski isomorphism, we express the Hilbert-Schmidt line and volume elements in terms of
the eigenvalues of the Pauli map. We analytically compute the volumes of positive, trace-preserving
Pauli maps and Pauli channels. In particular, we find the relative volumes of the entanglement
breaking Pauli channels, as well as the channels that can be generated by a time-local generator.
Finally, we show what part of the Pauli channels are P and CP-divisible, which is related to the
notion of Markovianity.
1. INTRODUCTION
Recently, much attention has been given to the geo-
metrical properties of quantum states. To determine the
distance between two states, one introduces the metric,
which determines the geometry of the underlying space.
For pure states, there exists a unique unitarily invariant
metric, which is induced by the Fubini-Study line ele-
ment [1]. However, for mixed states, there are several
possible choices of the metric. In [2], the authors derived
a family of metrics for N -level quantum states from the
relative entropy. Bures and Życzkowski used the Hilbert-
Schmidt metric [3] and the Bures metric [4] to compute
the volume of mixed quantum states in an arbitrary finite
dimension. In the infinite-dimensional case, it was shown
that three different metrics produce the same volume of
the Gaussian states with a fixed global purity [5].
Similarly, there are papers dedicated to analyze the
geometry of quantum channels. Narang and Arvind [6]
calculated the volume of the Pauli channels that can be
simulated by a one-qubit mixed state environment. Ana-
logical calculations were carried out for the generalized
amplitude damping channels [7]. Due to the duality be-
tween quantum states and quantum maps, one can use
the geometrical formalism developed for quantum states
to study quantum maps. The one-to-one correspondence
between states and channels is established by the Choi-
Jamiołkowski isomorphism [8, 9]. It has been applied by
Lovas and Andai [10] to compute the volumes of the gen-
eral and unital qubit channels using the Lebesque mea-
sure. Szarek et. al. [11] derived bounds for the Hilbert-
Schmidt volumes of positive, trace-preserving maps and
the subsets of completely positive, decomposable, and su-
perpositive qudit maps. Recently, it was shown that the
volume of the positive but not completely positive, trace-
preserving Pauli maps is twice as large as the volume of
the Pauli channels [12]. The geometry of Gaussian quan-
tum channels with respect to the Bures-Fisher metric was
considered by Monras and Illuminati [13].
In this paper, we derive the volumes of the positive and
completely positive, trace-preserving Pauli maps. In or-
der to achieve this, we calculate the Hilbert-Schmidt line
and volume elements for the Choi-Jamiołkowski states
that correspond to the Pauli maps. In the next step, we
consider the volumes of the entanglement breaking chan-
nels and the channels that can be generated using the
time-local generator. Finally, we also find the relative
volumes of the CP and P-divisible Pauli channels. Our
results can be interpreted as a probability that a ran-
domly selected Pauli channel is entanglement breaking,
divisible, or has positive eigenvalues.
2. PAULI MAPS AND PAULI CHANNELS
Consider the Pauli map, which is the most general bis-
tochastic qubit map [14, 15] defined by
Λ[ρ] =
3∑
α=0
pασαρσα (1)
with the Pauli matrices σ0 = I2 and
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (2)
Let us characterize these maps in terms of their eigenval-
ues λα. The eigenvalue equation reads
Λ[σα] = λασα (3)
with λ0 = 1. There is a simple relation between pα and
λα; namely,
λα = p0 + 2pα −
3∑
β=1
pβ , α = 1, 2, 3. (4)
To map qubits into qubits, the Pauli map has to be pos-
itive, which is the case if and only if
|λα| ≤ 1. (5)
Now, if the extended map 1lN ⊗ Λ transforms quan-
tum states into quantum states, where 1lN is the N -
dimensional identity map, then Λ is completely positive
and is called the Pauli channel. Recall that a Pauli map
is completely positive if and only if its eigenvalues satisfy
the Fujiwara-Algoet conditions [16]
|1± λ3| ≥ |λ1 ± λ2|. (6)
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3. GEOMETRY OF THE PAULI MAPS
To analyze the geometry of the Pauli maps, we use the
Choi-Jamiołkowski isomorphism [8, 9] to express quan-
tum channels as quantum states. Indeed, to the Pauli
map Λ, there corresponds the unique Choi matrix
ρΛ : =
1
4
1∑
i,j=0
|i〉〈j| ⊗ Λ[|i〉〈j|]
=
1
4
 1 + λ3 0 0 λ1 + λ20 1− λ3 λ1 − λ2 00 λ1 − λ2 1− λ3 0
λ1 + λ2 0 0 1 + λ3
 ,
(7)
whose eigenvalues are pα from eq. (1). We equip the
space of quantum maps with the metric g = 14diag(1, 1, 1)
induced by the Hilbert-Schmidt line element
ds2 := Tr(dρ2Λ) =
1
4
(dλ21 + dλ
2
2 + dλ
2
3). (8)
The associated volume element has a simple form of
dV :=
√
gdλ1dλ2dλ3 =
1
8
dλ1dλ2dλ3 (9)
If we integrate the volume element dV from eq. (9) over
the regions CPT and CCPT given by ineq. (5) and (6),
respectively, we obtain the volumes
V (CPT) = 1, V (CCPT) = 1
3
. (10)
of the positive, trace-preserving Pauli maps (PT) and the
Pauli channels (CPT). Note that there are twice as many
completely positive than positive but not completely pos-
itive maps. This reproduces the result from ref. [12],
where the authors proposed a measure to determine the
volumes of PT and CPT Pauli maps.
An important subclass of the Pauli channels are the
entanglement breaking channels (EBC), whose extension
1lN⊗Λ maps any state into a separable one. It was shown
that Λ is entanglement breaking if and only if [17]
3∑
α=1
|λα| ≤ 1. (11)
Integrating the Pauli channels over the region CEBC de-
fined by ineq. (11) leads to the following volume,
V (CCPT ∩ CEBC) = 1
6
. (12)
In Fig. 1, we show the ranges of λα that correspond to
the Pauli channels and the entanglement breaking Pauli
channels, respectively. The complete positivity region is
a tetrahedron (light grey), and the entanglement break-
ing region is an inscribed octahedron (dark grey). Ob-
serve that four of the octahedron’s faces are coplanar with
the tetrahedron’s faces. The volume of the octahedron is
half the volume of the tetrahedron.
FIG. 1: A graphical representation of the range of eigenvalues
λ1, λ2, λ3 that correspond to the Pauli channels (light grey)
and the entanglement breaking Pauli channels (dark grey).
Among their many applications, quantum channels are
used to describe the dynamics of open quantum systems.
Indeed, continuous time-evolution is provided with the
use of time-parametrized families of quantum channels
referred to as dynamical maps. As the simplest exam-
ple of a Pauli dynamical map, one usually considers the
Markovian semigroup Λ(t), which is the solution of the
master equation
Λ˙(t) = LΛ(t), Λ(0) = 1l, (13)
with the Gorini-Kossakowski-Sudarshan-Lindblad gener-
ator [18, 19]
L[ρ] = 1
2
3∑
α=1
γα(σαρσα − ρ), (14)
where γα ≥ 0. To include non-Markovian effects, one
introduces the time-local generator L(t), which has the
same form as L in eq. (14) but with time-dependent γα(t)
that are not necessarily positive. Now, L(t) generates the
dynamical map Λ(t) with the eigenvalues
λα(t) = exp[Γ0(t)− Γα(t)], (15)
where Γα(t) =
∫ t
0
γα(τ)dτ and γ0(t) =
∑3
α=1 γα(t). An-
other way to generalize Markovian semigroup master
equation (13) is through the memory kernel master equa-
tion
Λ˙(t) =
∫ t
0
K(t, τ)Λ(τ)dτ, Λ(0) = 1l, (16)
with the non-local memory kernel K(t, τ). Note that the
solutions of eq. (16) can have negative eigenvalues λα(t).
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At this point, we make an important observation. Any
Pauli channel Λ can be obtained from a Pauli dynamical
map Λ′(t = t∗) if and only if its eigenvalues λα are pos-
itive. The condition λα ≥ 0 corresponds to the region
of integration CTLG. Such channels are reachable with
time-local generators (TLG), and their relative volume
with respect to all Pauli channels is equal to
V (CCPT ∩ CTLG)
V (CCPT) =
3
16
. (17)
Meanwhile, the total volume of the positive maps reach-
able with time-local generators is
V (CPT ∩ CTLG) = 1
8
. (18)
Fig. 2 shows the ranges of λα that correspond to the
Pauli channels and the Pauli channels reachable with
time-local generators. The complete positivity region is a
tetrahedron (light grey), and the region of channels with
positive eigenvalues is an inscribed triangular bipyramid
(dark grey). Observe that two of the biparymid’s faces
are coplanar with the tetrahedron’s faces. The volume of
the triangular biparymid is 3/16-th of the volume of the
tetrahedron. The remaining part,
1− V (CCPT ∩ CTLG)
V (CCPT) =
13
16
, (19)
is the relative volume of the Pauli channels that are reach-
able only with the memory kernel K(t, τ).
FIG. 2: A graphical representation of the range of the eigen-
values λ1, λ2, λ3 that describe the Pauli channels (light grey)
and their subclass that is reachable with time-local generators
(dark grey).
Additionally, one could ask what part of the Pauli
channels reachable with time-local generators are entan-
glement breaking. It is straightforward to show that the
corresponding volume ratio is
V (CCPT ∩ CTLG ∩ CEBC)
V (CCPT ∩ CTLG) =
1
3
. (20)
The associated ranges of λα are presented in Fig. 3.
The triangular bipyramid (light grey) corresponds to the
channels achievable with a time-local generator, and the
inscribed tetrahedron (dark grey) corresponds to the en-
tanglement breaking region. Three of the tetrahedron’s
faces lie on the same planes as the triangular bipyramid’s
faces. The volume of the tetrahedron is a third of the
volume of the triangular biparymid. The figure that is
a combination of Figs. 1–3 has recently been plotted in
[20], where divisibility of qubit channels is considered.
FIG. 3: A graphical representation of the range of the eigen-
values λ1, λ2, λ3 that describe the Pauli channels achievable
with a time-local generator (light grey) and their entangle-
ment breaking subclass (dark grey).
Let us present the main results of this section in one
picture. In Fig. 4, the rectangle composed of 8 × 6
identical squares represents the total volume of all pos-
itive, trace-preserving Pauli maps. The white region
corresponds to the positive but not completely positive
Pauli maps, whereas the grey region is associated with
the Pauli channels (completely positive, trace-preserving
Pauli maps). The single-hatched regions are the volumes
of the entanglement breaking Pauli channels and the pos-
itive Pauli maps that are reachable with time-local gen-
erators, respectively (consult the legend in Fig. 4 for
details). Note that some of the regions overlap.
4. P AND CP-DIVISIBILITY
A special property of a quantum channel Λ is its divis-
ibility. Namely, Λ is P-divisible if and only if it can be
decomposed into
Λ = V Λ′, (21)
where Λ′ is a quantum channel and V denotes a (non-
unitary) positive, trace-preserving map. If V is instead
3
FIG. 4: A quantitative representation of the volumes of vari-
ous Pauli maps. One square covers the region of 1/48.
a quantum channel, then Λ is said to be CP-divisible. In
open quantum systems, divisibility of quantum dynam-
ical maps is used to characterize Markovianity. Indeed,
if Λ(t) = V (t, s)Λ(s) for s ≤ t is CP-divisible, then it
represents the Markovian evolution. A dynamical map
that is only P-divisible is called weakly non-Markovian
[21, 22]. Moreover, for invertible Pauli dynamical maps,
weak non-Markovianity is equivalent to the lack of in-
formation backflow from the system to the environment
[23].
In the case of Pauli channels, divisibility is fully-
characterized by the eigenvalues λα. In particular, the
Pauli channel is P-divisible if and only if [24]
λ1λ2λ3 ≥ 0, (22)
which defines the P-divisibility region CP−div. The nec-
essary and sufficient condition for CP-divisibility of the
invertible Pauli channel reads [25]
0 < λ1λ2λ3 ≤ (min
α
λα)
2. (23)
We denote the associated region by CCP−div. Note that
non-invertible Pauli channels do not contribute to the
volume due to dλα = 0. The relative volumes of the P
and CP-divisible Pauli channels with respect to all Pauli
channels amount to
V (CCPT ∩ CP−div)
V (CCPT) =
3
4
, (24)
V (CCPT ∩ CCP−div)
V (CCPT) =
3
8
, (25)
respectively. Interestingly, V (CCPT ∩ CP−div)/V (CCPT)
has the same value as the relative volume of the Pauli
channels simulable with a one-qubit mixed state envi-
ronment [6]. Analogical calculations can be carried over
for the Pauli channels that are reachable with time-local
generators. The results are
V (CCPT ∩ CTLG ∩ CP−div)
V (CCPT ∩ CTLG) = 1, (26)
V (CCPT ∩ CTLG ∩ CCP−div)
V (CCPT ∩ CTLG) =
1
2
, (27)
where eq. (27) agrees with Ref. [26]. Observe that half of
the P-divisible maps are CP-divisible, even if we restrict
our attention to the Pauli channels with positive eigen-
values. The geometrical regions representing the P and
CP-divisible Pauli channels have already been plotted in
[20], and they are very involved.
Fig. 5 summarizes the results of this section. The
rectangle composed of 8× 4 identical squares represents
the volume of all Pauli channels. The unhatched region
corresponds to the indivisible Pauli channels, whereas the
grey region is associated with the Pauli channels that
are reachable with time-local generators. The single and
double-hatched regions are the relative volumes of the
P and CP-divisible Pauli channels, respectively. More
details can be found in the legend in Fig. 5. Note that
some regions overlap.
5. CONCLUSIONS
In this paper, we analytically calculate the volumes
of the positive, trace-preserving Pauli maps and Pauli
channels. We use the Choi-Jamiołkowski isomorphism
and the Hilbert-Schmidt line element to introduce the
metric in the space of Pauli maps. The associated volume
element depends only on the map’s eigenvalues. Next,
we find the volumes of some special classes of the Pauli
channels: entanglement breaking, reachable with time-
local generators (having positive eigenvalues), as well as
P and CP-divisible.
Our results allow one to check the probability that a
randomly generated Pauli channel or positive map has
desired properties. Also, they make us realize what a
small percentage of Pauli channels is covered by the time-
local generators and how important it is to further de-
velop the memory kernel approach. Similarly, the ratio
of CP and P-divisible channels with respect to indivisible
Pauli channels can shed some light on the amount of dy-
namical maps describing Markovian and non-Markovian
quantum evolutions.
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FIG. 5: A quantitative representation of the volumes of di-
visible Pauli channels. One square covers 1/32 of the volume
of the Pauli channels.
There are several topics that require further study. It
would be interesting to consider the volumes of more gen-
eral quantum maps, like non-unital qubit maps or unital
qudit maps. However, one is sure to encounter problems
with determining the regions of integration. For example,
the range of admissible eigenvalues for non-unital qubit
channels or positive qudit channels are not known.
Recall that the geometry of a given space depends on
the metric. An alternative choice to the metric induced
by the Hilbert-Schmidt line element in eq. (8) is the one
following from the Fisher-Rao line element [27]
ds2FR := Tr(d
√
ρΛ)
2. (28)
Observe that the corresponding volume element
dVFR =
1
8
√
p0p1p2p3
dλ1dλ2dλ3 (29)
does not coincide with dV from eq. (9). Moreover, one
can encounter technical issues with analytical integration
of dVFR, so numerical analysis might be necessary.
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